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The proof of the inequality λq(x, t) ≤ (qµx,t − 0
+)−1 [p 750, below Eq. (29)]
is based on the statement that E(x, t; s) is an entire function of s ∈ CM [see
below Eq. (30)]. But according to Equation (9) and Lemma 1, all we know
is that E(x, t; s) is an entire function of k(s) ∈ RN . Nevertheless, the above
inequality holds, hence the proposition 1. To prove it we replace (31) with
the following lemma.
Lemma. If 〈|E(x, t)|q〉 < +∞, then
lim sup
||s||→+∞
e−||s||
2
|E(x, t; s)|q < +∞, (31)
along almost every direction sˆ in CM .
Proof. For given x and t, write E(x, t; s) = E(sˆ, κ) where κ = ||k(s)|| = ||s||2.
Making this change of notation in (29) it is easily seen that if 〈|E(x, t)|q〉 <
+∞, then ∫ +∞
0
|E(sˆ, κ)|qe−κκM−1dκ < +∞, (32)
for almost every direction sˆ in CM . Fix sˆ such that (32) is fulfilled. By
Equation (9), Lemma 1, and Lemma 2, E(sˆ, z) is an entire function of z ∈
C of finite exponential type [1]. Since q ≥ 1 and M ≥ 1 are integers,
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the function f(z) = E(sˆ, z)qe−zzM−1 is also an entire function of z ∈ C
of finite exponential type, say γf . Let R be a fixed positive number, let
γ > max(0, γf), and define
ϕ±(z) =
∫ R
0
|e±iγzf(z + u)|du. (33)
The functions ϕ±(z) are logarithmically subharmonic and bounded by (32)
on the positive real axis. Furthermore, ϕ+(z) and ϕ−(z) are bounded re-
spectively on the positive and negative imaginary axis. Following then the
same argument as in the proof of the Plancherel-Po´lya theorem (see [1], p
51), we apply the Phragme´n-Lindelo¨f theorem [1] to the subharmonic func-
tions lnϕ+(z) in the sector 0 < argz < pi/2 and lnϕ−(z) in the sector
−pi/2 < argz < 0. One finds that ∃A > 0 such that, ∀z with Re(z) > 0,
∫ R
0
|f(z + u)|du ≤ Aeγ|Im(z)|. (34)
Now, for all κ > R/2 one has, by the subharmonicity of |f(z)| and (34),
|f(κ)| ≤
4
piR2
∫ ∫
|z|<R/2
|f(κ+ z)| d2z
≤
4
piR2
∫ +R/2
−R/2
dy
∫ R
0
|f(κ− R/2 + iy + u)| du (35)
≤
8A
γpiR2
(
eγR/2 − 1
)
< +∞,
and since |f(κ)| = |E(sˆ, κ)|qe−κκM−1, it follows that, for all κ > R/2,
|E(sˆ, κ)|qe−κ ≤
8A
γpiR2
(
eγR/2 − 1
) 1
κM−1
< +∞, (36)
(hence limκ→+∞ |E(sˆ, κ)|
qe−κ = 0 for M > 1). Getting back to the original
notation yields the new equation (31), which completes the proof of the
lemma.
We can now proceed with the proof of λq(x, t) ≤ (qµx,t − 0
+)−1. Since
every element of the matrix
∫ t
0
γ(x(τ), τ) dτ is a continuous functional of
x(·) ∈ B(x, t) with the uniform norm on [0, t] (see the appendix B), its
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largest eigenvalue, µ1[x(·)], is also a continuous functional of x(·). Accord-
ingly, ∀ε > 0 ∃xε(·) ∈ B(x, t) such that µx,t − ε/2 ≤ µ1[xε(·)] ≤ µx,t. Let
σε ∈ C
M (with ||σε|| = 1) be an eigenvector of
∫ t
0
γ(xε(τ), τ) dτ associ-
ated with the eigenvalue µ1[xε(·)]. Fix xε(·) and σε. The quadratic form
sˆ†
[∫ t
0
γ(xε(τ), τ) dτ
]
sˆ is a continuous function of the direction sˆ. Thus,
∃δ > 0 such that ∀sˆ with ||sˆ− σε|| ≤ δ,∣∣∣∣sˆ†
[∫ t
0
γ(xε(τ), τ) dτ
]
sˆ− σ†ε
[∫ t
0
γ(xε(τ), τ) dτ
]
σε
∣∣∣∣ ≤ ε2 , (37)
and
Hx,t(sˆ) = sup
x(·)∈B(x,t)
sˆ†
[∫ t
0
γ(x(τ), τ) dτ
]
sˆ
≥ sˆ†
[∫ t
0
γ(xε(τ), τ) dτ
]
sˆ
≥ σ†ε
[∫ t
0
γ(xε(τ), τ) dτ
]
σε − ε/2 ≥ µx,t − ε. (38)
From the latter inequality and Lemma 2 it follows that ∀ε > 0, ∃δ > 0 such
that ∀sˆ with ||sˆ− σε|| ≤ δ,
lim sup
||s||→+∞
ln |E(x, t; s)|q
||s||2
≥ qλ(µx,t − ε),
and for every λ > (qµx,t − qε)
−1,
lim sup
||s||→+∞
e−||s||
2
|E(x, t; s)|q = +∞. (39)
Since δ > 0, the set of all the directions sˆ fulfilling (39) is of strictly positive
measure and, according to the lemma above, 〈|E(x, t)|q〉 = +∞. Therefore,
λq(x, t) ≤ (qµx,t− qε)
−1 and taking ε arbitrarily small one obtains λq(x, t) ≤
(qµx,t − 0
+)−1. (We use the notation qµx,t − 0
+ to emphasize the fact that
〈|E(x, t)|q〉 may be finite at λ = 1/qµx,t. Our approach does not yield the
behavior of 〈|E(x, t)|q〉 at λ = 1/qµx,t sharp.)
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